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Abstract
The dark matter and dark energy problem, that is now dominat-
ing the research in cosmology, makes the question of the origin of
mass-energy content of the universe more urgent than ever. There are
two philosophies regarding this question: according to Mach’s princi-
ple it is matter that generates geometry of space-time, and according
to Wheeler’s geometrodynamics some configurations of space-time ge-
ometry are to be interpreted as its material content. Neither of these
philosophies has led to success. In the present paper, we show that
there exists an algebraic generalisation of geometry that reconciles,
in a sense, these two seemingly opposite standpoints. The geometry
is constructed with the help of a noncommutative algebra of smooth
functions on a groupoid and its derivations. The groupoid in ques-
tion has a nice physical interpretation: it can be regarded as a space
of Lorentz rotations. In this way, Lorentz symmetries are inherent
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to the generalised geometry of space-time. We define the action for
this geometry and, by varying it, obtain generalised vacuum Einstein
equations (for a simplified model). It turns out that these equations
contain additional terms (with respect to the standard vacuum Ein-
stein equations) which are naturally interpreted as the components of
the energy-momentum tensor. Matter is thus created out of purely ge-
ometric degrees of freedom. We find two exact solutions (for even more
simplified case). We argue that the creation of matter, being a global
effect, makes the contrast between Mach and Wheeler philosophies
ineffective.
1 Introduction
The dark matter and dark energy problem, that is now dominating the re-
search in cosmology, makes the question of the origin of mass-energy content
of the universe more urgent than ever. This problem could hardly be solved
without a deeper understanding of matter creation mechanisms in the uni-
verse. Einstein’s equations are plagued with a dualism of geometry (left
hand side of the equations) and matter (their right hand side). Einstein
looked for a remedy against this difficulty in the idea called by him Mach’s
principle. It admits several nonequivalent formulations, some stronger of
which claim that (local) geometry should totally be determined by the global
distribution of matter throughout space-time. The idea could be encapsu-
lated in the slogan “geometry out of matter” [3]. The opposite philosophy
was propagated by John Archibald Wheeler who argued that the material
sources that appear in Einstein’s equations can entirely be reconstructed from
a characteristic imprint they exert on the space-time geometry. Here we have
a slogan “matter out of geometry”. The program was known as “Wheeler’s
geometrodynamics”[19, 20, 21]. The fact that neither of these philosophies,
attractive as they are, has led to the success suggests that a stumbling block
lies in the very concept of geometry that is too rigid to accommodate for
such a complex phenomenon as that of matter. In the present paper, we
explore a generalisation of the standard differential geometry and, basing on
it, construct cosmological models in which two above mentioned philosophies
not only seem to work, but also could, in a sense, be unified.
There are two ways of doing differential geometry: by using local coor-
dinate systems, and algebraically in terms of smooth functions on a given
space, the latter being independent of the choice of coordinates. Both these
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methods are equivalent, but the second is better suited for generalisations.
Let us then consider a space-time manifold M and the algebra C∞(M) of
smooth functions onM . The algebra C∞(M) can, without losing its geomet-
ric properties, be replaced by a more general, not necessarily commutative,
algebra on a more general space than the space-time manifold M . The more
general space we use to this end is the so-called groupoid, denoted by Γ (for
details see Section 2). The choice of this space has a nice physical motivation.
the groupoid concept is a generalisation of the group concept, and as such it
generalizes the notion of symmetry. In our case, the elements of the groupoid
Γ can be regarded as Lorentz rotations. Therefore, Γ can serve as a more
natural environment for general relativity (being the space of its symmetries)
than the usual “naked” space-time.
We then consider the algebra C∞(Γ) of smooth (compactly supported)
functions on a groupoid Γ. The consequence of these rather simple replace-
ments is that space-time points acquire their internal structure, i.e. internal
degrees of freedom not unlike in the Kaluza–Klein type models, with the dif-
ference that now internal degrees of freedom are really “internal”, not created
by adding new space dimensions.
The algebra C∞(Γ) can easily be made into a C∗-algebra which assim-
ilates the formalism to that employed in quantum mechanics. In fact, this
approach has been used to construct a model unifying general relativity and
quantum mechanics with a perspective to make an attempt at a quantum
gravity theory [8, 9, 10, 11]. It goes without saying that truly fundamental
mechanism of matter creation can hardly be imagined without the correctly
working quantum gravity theory. This is why the present work can only be
regarded as a preliminary step in this direction.
Models presented in this paper are nothing more than “toy models”;
however, they seem worthwhile to be explored not only because they give
such surprising results as far as matter generation is concerned, but also
because they are preparing mathematical tools to deal with more realistic
situations. The present work is based on our research paper [12].
The plan of our essay runs as follows. In Section 2, we briefly discuss
the method of doing geometry on the groupoid Γ in terms of the algebra
C∞(Γ) and its derivations. In Section 3, we construct such a geometry for
a groupoid with a finite structure group. Then, in Section 4, we deduce
generalised Einstein equations from the corresponding action principle, and
show that they, when projected onto space-time, contain an additional term
that can naturally be interpreted as a “matter source”. We also find two
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explicit “Friedman-like” solutions for a simplified form of the metric. Finally,
we append some concluding remarks.
2 Space of Lorentz Symmetries and Its Ge-
ometry
A natural setting for relativity theory is a set of pairs of reference frames
with a Lorentz transformation acting between them. This setting can be
given strict mathematical form. Let M be a space-time, and let us consider
the bundle of reference frames (frame bundle, for short) on M , denoted by
(E, piM) where E, called the total space of the bundle, is the set of all local
reference frames on M , and piM : E → M is a mapping projecting a frame
p ∈ E to its attachment point x ∈ M , piM(p) = x. The set of all frames
attached to x, Ex = pi
−1
m (x), is called the fiber at x. Let G be a Lorentz
group or one of its subgroups. It acts on E along fibres, i.e. any two frames in
the same fibre can be transformed into each other with the help of an element
of G.1 In this way, the Cartesian product has been constructed,
Γ = E ×G = {γ = (p, g) : p ∈ E, g ∈ G}.
It is clear that Lorentz transformations in a given fibre can, as elements of
a group, be suitably composed and have inverses. The construction, just
described, is called transformation groupoid with Γ as its groupoid space, E
its base space, and G its structure group. This purely algebraic construction
can be equipped with the smoothness structure; it is then called smooth
transformation groupoid.
Just as geometry of space-time M can be done in terms of the algebra
C∞(M) of smooth functions on M , a generalised geometry of space-time
M can be done in terms of an algebra A on the groupoid Γ = E × G.
The usual algebra C∞(Γ) of smooth (compactly supported) functions on Γ
(with pointwise multiplication, denoted by ·) would reproduce geometry of
Γ with nothing interesting for our program. To obtain an interesting gen-
eralisation we replace the commutative pointwise multiplication with a not
necessarily commutative multiplication ∗. Its concrete form need not bother
us here (for details see [12]). We thus consider the algebra A = (C∞(Γ), ∗)
1This means that we consider only Lorentz rotations; translations, i.e. transformations
between fibres, are excluded.
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of smooth (compactly supported) functions on Γ. It is, in general, noncom-
mutative which means that if a, b ∈ A then a ∗ b 6= b ∗ a. This seemingly
innocuous modification leads to dramatic changes in geometry. We also im-
pose on A suitable smoothness conditions.
Which is the contact of the algebra A with the algebra C∞(M) of smooth
functions on space-time M? To answer this question we remind the concept
of the center of a noncommutative algebra. The center of an algebra A,
denoted Z(A) is the set of all elements of A that commute with all elements
of A (it is obvious that if an algebra is commutative, it coincides with its
center). It can be shown that the center of our algebra A is isomorphic with
C∞(M). Therefore, if, in constructing geometry, we restrict the algebra A
to its center Z(A), we obtain the geometry of space-time M .
The standard manifold geometry is encoded in its metric tensor. Math-
ematically, metric is a function taking two smooth vector fields as its argu-
ments and returning a smooth function on this manifold. In the algebraic
approach to geometry, the counterparts of vector fields are derivations of
the corresponding algebra. Let us consider our algebra A. Its derivation is
a linear map v : A → A satisfying the well known Leibniz rule
v(a ∗ b) = v(a) ∗ b+ a ∗ v(b)
for a, b ∈ A. The set of all derivations of the algebra A is denoted by Der(A).
Taking the above into account, we assume the metric of the form G :
V × V → Z(A) where V ⊆ Der(A).2 The pair (A, V ) is called differential
algebra. It serves us as the basic structure to construct an algebraic version
of generalised geometry. We proceed in strict analogy to what is usually done
when developing the standard differential geometry. We construct connection
(with the help of the Koszul formula), curvature and all other magnitudes
necessary to write down Einstein’s field equations. In the following, when
pursuing this program, we shall limit ourselves to a special case of a finite
model.
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V should have the Z(A)-module structure as well as the Lie algebra structure.
5
3 Geometry on the Groupoid Algebra with
Finite Structure Group
Let us consider an n-element subgroup G of the group of Lorentz rotations.
Without loss of generality, we can assume that the frame bundle studied is
trivial: E = M ×G, and therefore the considered groupoid is
Γ =M ×G×G = {(x, gi, gj) : x ∈M, gi, gj ∈ G, i, j = 1, . . . , n}.
The noncommutative multiplication ∗ in the algebra C∞(Γ) of smooth (com-
pactly supported) functions on Γ is given by
∀ a, b ∈ C∞(Γ) (a ∗ b)(x, gk, gl) :=
n∑
m=1
a(x, gk, gm)b(x, gkgm, g
−1
m gl).
It is much more convenient, however, to regard every function a ∈ C∞(Γ) as
an n-by-n matrix (aij) with C
∞(M)-valued entries, defined via
aij(x) := a(x, gi, g
−1
i gj).
In this way, the algebra studied becomes
An := Mn(C
∞(M)) = C∞(M)⊗Mn(C)
and the operation ∗ becomes nothing but the standard matrix multiplication
∀ a, b ∈ An (a ∗ b)ij(x) :=
n∑
k=1
aik(x)bkj(x).
Let us note that algebras similar toAn commonly appear in the exploration of
possible applications of noncommutative geometry to physics, most notably
in the context of the Noncommutative Standard Model of particle physics
(see [6, 4] for details on noncommutative geometry and the Noncommutative
Standard Model or [7, 14] for a more accessible review).
The center Z(An) of this algebra consists of matrices of the form f In,
where f ∈ C∞(M) and In denotes the n-by-n identity matrix. It is, therefore,
isomorphic to the algebra C∞(M), just as the previous section anticipated.
From now on we shall identify Z(An) with C
∞(M).
We consider the full C∞(M)-module of derivations of the algebra An,
V := DerAn. It can be shown that V decomposes into the direct sum of two
its submodules:
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• The submodule HorAn of horizontal derivations. Its elements are lift-
ings of the smooth vector fields on the manifold M onto An. More
explicitly, for any smooth vector field X ∈ DerC∞(M) one defines its
lifting as a map X¯ : An → An acting entrywise, namely
∀ a ∈ An (X¯a)ij := Xaij.
• The submodule InnAn of inner derivations. By an inner derivation
induced by an element b ∈ An one understands a map adb : An → An
defined as
∀ a ∈ An adba := [b, a] = b ∗ a− a ∗ b.
Embarking on the construction of the generalised geometry on the differ-
ential algebra (An, V ), one begins with the metric G : V × V → Z(A), upon
which the Levi-Civita connection and the curvature tensors are subsequently
defined. All these objects can be, and usually are, studied by physicists with
the help of the so-called abstract-index notation. The idea behind this nota-
tion is to identify the abstract (usually tensorial) objects with the array of
their components in a chosen basis of V . Multi-indexed expressions, obtained
in this way, can then be effectively manipulated under the set of simple rules,
among others including the Einstein summation convention (see [18, Chapter
2]).
The natural choice for the (local) basis of HorAn is the lifting of the co-
ordinate basis
(
∂
∂xµ
)
induced by some chart x. In the following, we shall
denote the liftings of the coordinate vector fields ∂
∂xµ
simply by ∂µ, suppress-
ing both the overline and the reference to the inducing chart and using also
other lowercase Greek letters ν, λ, σ, . . .. We adopt the usual convention that
these indices can assume values 0, 1, . . . , m− 1, where m = dimM .
On the other hand, one can show that any basis of InnAn contains ex-
actly n2 − 1 elements. In what follows, we shall not specify the basis con-
cretely, but we shall denote its elements by ∂{A} (by analogy with the hor-
izontal derivations), using also other capital Latin letters in curly brackets
{B}, {C}, {D}, . . .. These indices can assume values {1}, {2}, . . . , {n2 − 1}
(interpreted as the “inner degrees of freedom”). The use of curly brackets
assures that we do not mix the values of indices of the two types.
Summarizing, the basis of V contains two kinds of elements: the horizon-
tal derivations and the inner derivations, and this is reflected in the two types
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of indices used: the lowercase Greek indices and the capital Latin indices in
curly brackets. Additionally, it will be convenient to write ∂A for a generic
derivation from the basis, using also other capital Latin letters B,C,D, . . ..
These indices can take all values assumed by the indices of the two types
listed above.
Let us note here that the Einstein summation convention applies to each
of the three types of indices separately.
The noncommutativity of An has a direct effect on the commutation
relations between ∂A’s. Even though [∂µ, ∂ν ] = 0, exactly as for the coor-
dinate basis in the standard differential geometry, in general we have that
[∂A, ∂B] 6= 0. Mathematically speaking, some of the structure constants c
C
AB ,
defined by the formula [∂A, ∂B] = c
C
AB ∂C , are nonzero.
Having specified the basis, we can now construct the generalised geometry
on the differential algebra (An, V ). In the abstract-index notation, the metric
G is represented by the doubly indexed array gAB where
gAB := G(∂A, ∂B).
One can regard gAB as a square, symmetric and nonsingular matrix of order
m+n2−1. Its inverse matrix is denoted by gAB. Exactly as in the standard
differential geometry, the metric matrix and its inverse can be used to lower
and raise indices of other multi-indexed entities.
We are now ready to define the Levi-Civita connection ∇ : V × V → V
by means of the Koszul formula. Namely, for any u, v ∈ V , ∇uv is the unique
derivation which satisfies
G (∇uv, w) :=
1
2
[
u (G(v, w)) + v (G(u, w))− w (G(u, v))
+ G(w, [u, v]) + G(v, [w, u])− G(u, [v, w])
]
.
for all w ∈ V . The connection’s components (called the Christoffel symbols
of the second kind) are defined by the equality
∇∂C∂B = Γ
A
BC∂A
and by the Koszul formula they can be expressed as
ΓABC =
1
2
gAD (∂CgDB + ∂BgDC − ∂DgBC + cCBD + cDCB − cBDC) .
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Due to the noncommutativity, we have
ΓABC − Γ
A
CB = c
A
CB .
Therefore, unlike the components of the standard Levi-Civita connection,
ΓABC might not be symmetric with respect to the latter two indices.
In spite of this asymmetry, the Levi-Civita connection enjoys many of
the properties of its standard counterpart, in particular, it is torsion-free,
that is
∀ u, v ∈ V ∇uv −∇vu− [u, v] = 0
and compatible with the metric, that is
∀ u, v, w ∈ V w (G(u, v)) = G (∇wu, v) + G (u,∇wv)
Moreover, just like in the standard case, the Levi-Civita connection is the unique
map V × V → V satisfying the above two conditions.
The Riemann curvature tensor R : V ×V ×V → V , (u, v, w) 7→ R(u, v)w
is defined by means of ∇ via
R(u, v)w := ∇u∇vw −∇v∇uw −∇[u,v]w.
Its components RCDAB are defined through
R(∂A, ∂B)∂D = R
C
DAB∂C ,
and are given by the formula
RCDAB = ∂AΓ
C
DB − ∂BΓ
C
DA + Γ
K
DBΓ
C
KA − Γ
K
DAΓ
C
KB − c
K
AB Γ
C
DK .
This is nothing but the standard expression for the components of the Rie-
mann tensor with an additional term that can be regarded as due to non-
commutativity. It can be easily checked that R enjoys the usual Riemann
tensor symmetries
RCDAB = −RDCAB = −RCDBA = RABCD,
RCDAB +R
C
BDA +R
C
ABD = 0.
Finally, the Ricci tensor, ric : V × V → C∞(M) and the curvature
scalar r ∈ C∞(M) can be introduced as suitable contractions of the Riemann
tensor. Concretely, the components of the Ricci tensor read
ricAB := R
C
ACB,
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whereas the curvature scalar is
r := gABricAB = g
ABRCACB.
Notice that, just as in the standard case, ricAB = ricBA.
With the generalised curvature tensors defined, we are ready to formulate
and study the generalised vacuum Eistein equations.
4 Generalised Einstein Equations
The standard derivation of the Einstein equations is conducted by means of
the action principle, starting from a suitably chosen action functional. In
standard GR, the so-called Einstein–Hilbert action is the integral of the cur-
vature scalar over the entire space-time manifold. Therefore, the natural
candidate for the generalised Einstein–Hilbert action is
SEH :=
∫
r
√
|g| dmx, (1)
where m = dimM and g denotes the determinant of the metric matrix gAB.
We want to study the vacuum equations and therefore postulate no additional
matter term.
The action principle amounts here to varying SEH with respect to δg
AB
and assuming that the variation vanishes. The calculation leads to the gen-
eralised Einstein equations of the form
ricAB = 0. (2)
Although these equations look similar to the standard vacuum Einstein
equations, they actually have a far richer content when projected onto space-
time M . This is due to the extra terms coming from additional components
of the metric (the “inner degrees of freedom”). These extra terms can be
interpreted as an “m-dimensional matter–energy” induced by the generalised
(vacuum) Einstein equations (similarly as it is the case in the Kaluza–Klein-
type theories [13, 2, 17, 5], although without introducing extra geometrical
dimensions). Let us consider an example of the following block diagonal
metric
gAB =
[
gµν 0
0 g{A}{B}
]
.
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Let us remember that gµν is an m-by-m matrix and g{A}{B} is a (n2 − 1)-by-
(n2 − 1) matrix, where n = |G|. The inverse metric matrix gAB is also block
diagonal.
Such block diagonal metric has an important feature: its corresponding
Levi-Civita connection ∇ extends the standard Levi-Civita connection ∇˜ :
DerC∞(M)×DerC∞(M) → DerC∞(M) in the sense that
∀ X¯, Y¯ ∈ HorAn ∇X¯ Y¯ = ∇˜XY .
In other words, the Levi-Civita connection acts on horizontal derivations in
the same way as does its classical counterpart.
For the block diagonal metric, the generalised Einstein equations can be
written more explicitly than (2) as
r˜icµν =
1
4
(
∇˜µ∇˜ν ln |g˘|+ g
{A}{B}∇˜µ∇˜νg{A}{B}
)
, (3)
c
{C}{D}
{B} ∂µg{C}{D} = 0, (4)
∆˜g{A}{B} − g{A}{C}g{B}{D}∆˜g
{C}{D} + ∂µ ln |g˘|∂µg{A}{B}
= −2c
{C}{D}
{A}
(
c{B}{C}{D} + c{B}{D}{C}
)
+ c
{C}{D}
{A}c{C}{D}{B}.
(5)
where
• r˜icµν denotes the standard Ricci tensor.
• ∇˜µ is the covariant derivative resulting from the standard Levi-Civita
connection ∇˜. Note that ∇˜µ by definition “sees” only the lowercase
Greek indices.
• ∆˜ := gµν∇˜µ∇˜ν is the standard Laplace–Beltrami operator.
• g˘ := det g{A}{B}.
Equation (3) is a projection of the generalised Einstein equations (2) onto
the m-dimensional space-time M . Since it implies that
r˜ = 1
4
(
∆˜ ln |g˘|+ g{A}{B}∆˜g{A}{B}
)
, (6)
where r˜ denotes the standard curvature scalar, therefore we can equiva-
lently write (3) in the form of the standard Einstein equations with a certain
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nonzero energy–momentum tensor
G˜µν =
1
4
[(
∇˜µ∇˜ν −
1
2
gµν∆˜
)
ln |g˘|
+ g{A}{B}
(
∇˜µ∇˜ν −
1
2
gµν∆˜
)
g{A}{B}
]
,
(7)
where G˜µν := r˜icµν −
1
2
gµν r˜ is the standard Einstein tensor.
The fact that there appears a nonzero energy–momentum tensor can be
regarded as a realisation of the “matter out of geometry” mechanism [11]
or, in this case more precisely, of the “scalar fields out of noncommutative
geometry” mechanism. One can thus regard equations (4, 5) as the equations
of state of those “emergent” scalar fields.
Additionally, we can also rewrite the generalised Einstein–Hilbert action
(1) more explicitly. Namely
SEH =
∫ [√
|g˘|r˜ − 1
4
√
|g˘|
(
∆˜ ln |g˘|+ g{A}{B}∆˜g{A}{B} +C
)]√
−g˜ dmx,
where
• g˜ := det gµν .
• C := c{B}{C}{D}
(
2c{B}{D}{C} + c{B}{C}{D}
)
.
Notice that noncommutativity enters into the action both through the addi-
tional compoments of the metric (i.e. the “inner derivation block” g{A}{B})
as well as through the nonzero structure constants.
One can regard the theory, obtained in this way, as an example of a scalar-
tensor theory3, which involves no less than n2(n2 − 1)/2 independent scalar
fields. These fields, when arranged into a symmetrical matrix g{A}{B}, are
such that g˘ := det g{A}{B} is a nowhere vanishing field. Notice, moreover,
that
√
|g˘| seems to play a special role in this theory, as it can be shown to
satisfy the following Klein–Gordon-like equation(
∆˜ + 1
4
C
)√
|g˘| = 0 (8)
with 1
4
C playing the role of the mass term. This might constitute another
illustration of how noncommutative geometry gives rise to (massive) scalar
3See e.g. [5] and references therein.
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fields in this model.
We now move to presenting two explicit solutions of Einstein equations
(3-5) in the simplest case when the structure group G has only two elements.
We restrict ourselves to “Friedman-like” solutions, by which we mean met-
rics, whose “horizontal derivation block” gµν is of the Friedman–Lemaˆıtre–
Robertson–Walker form and whose remaining components are time-dependent
only
footnoteAs usual, we set c = G = 1.
gµν =


−1 0 0 0
0 a
2(t)
1−kr2 0 0
0 0 a2(t)r2 0
0 0 0 a2(t)r2 sin2 θ

 ,
g{A}{B} = g{A}{B}(t).
Recall that a(t) is called the scale factor and k ∈ {−1, 0, 1} is the curvature
constant.
To simplify the calculations, we assume furthermore that the “inner
derivation block” g{A}{B} has the following form
g{A}{B}(t) =

 ξf 2(t) 0 00 0 ηf 2(t)
0 ηf 2(t) 0

 ,
where ξ, η ∈ R \ {0} and f is a time-dependent nowhere vanishing function.
One of the Einstein equations, (4), is satisfied automatically. The remain-
ing two equations (3, 5) yield the following overdetermined nonlinear system
of ordinary differential equations

a¨
a
+ f¨
f
= 0,
aa¨f + 2a˙2f + 3aa˙f˙ = −2kf,
f f¨a+ 2f˙ 2a+ 3f f˙ a˙ = 1
η
a.
(9)
together with an additional algebraical condition that ξ = 2η.
Notice that, by the last of the above equations the function f cannot be
constant. Moreover, the Hubble parameter H can be expressed entirely in
terms of f and η via
H :=
a˙
a
=
η−1 − f f¨ − 2f˙ 2
3f f˙
.
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Two explicit solutions of system (9)4, one for k = 0 and another for
k = −1, read:
for k = 0 a(t) = a0, f(t) =
1√
2η
(t− t0), (10)
for k = −1 a(t) =
√
2
5
(t− t0), f(t) =
1√
5η
(t− t0), (11)
where η, a0, t0 are constants. In fact, without any loss of generality one can
take η = 1 and t0 = 0. Note that gAB becomes degenerate at t = 0.
First solution (10) describes the flat Minkowski space–time, although it
is not a static solution since f˙ 6= 0 (and the above mentioned degeneracy
occurs at t = 0).
Second solution (11) describes a hyperbolic, linearly expanding universe
with the initial singularity at t = 0, resembling (but different from) the metric
studied first by Milne [15], in which k = −1 but a(t) = t. Milne’s uncon-
ventional cosmology has recently gained a renewed interest in the work of
Benoit-Le´vy and Chardin [1] in the form of the so-called Dirac–Milne uni-
verse, which is argued to be a viable alternative to the ΛCMD model. What
is noteworthy, both the Milne model and the model governed by (11) are free
from the cosmic age problem and from the horizon problem, where the latter
is solved without introducing inflation [1].
However, there is a significant difference between Milne’s metric and solu-
tion (11). Namely, Milne’s universe is devoid of energy–matter; it is a vacuum
solution. On the other hand, solution (11) is associated to a nonzero energy–
matter tensor. Since the solution is Friedman-like, the energy–matter tensor
describes some sort of a perfect fluid. Let us therefore see, what kind of
perfect fluid is in this case induced by the (noncommutative) geometry.
The standard Einstein tensor assumes here the following (mixed) form
G˜µν =
3
2t2
diag(3, 1, 1, 1)
Therefore, by Einstein equations, the induced perfect fluid energy density
ρ and pressure p are
ρ(t) = −
36pi
t2
, p(t) =
12pi
t2
.
4There might be more, however finding them (or proving that other solutions do not
exist) seems like a daunting task!
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Note that ρ is negative and therefore in this case no classical fluid matches
the induced one. In fact, such fluid would violate various energy conditions
of general relativity.
Nevertheless, Friedman cosmology involving negative ρ has been studied
in [16], where it is argued that some realisations and extensions of quantum
field theories do allow for such exotic energy forms, albeit only locally. In
the article cited, the perfect fluid with ρ < 0 and w = p/ρ = −1/3 is referred
to as negative cosmic strings. The interplay between such negative forms
of energy and the classical positive ones leads to interesting cosmological
scenarios, also studied in [16].
5 Concluding remarks
How do the models constructed in the present work inscribe into philosophies
(alluded to in the Introduction) concerning the relationship between matter
and space-time geometry? It is straightforward that they nicely fall into
the “matter out of geometry” heading. Original Wheeler’s program could
not succeed since the standard space-time geometry had not enough degrees
of freedom to accommodate his postulates. As our work has demonstrated,
noncommutative generalisation of geometry creates such possibilities. The re-
markable fact is that not only the energy-momentum tensor is recovered from
purely geometric degrees of freedom (without postulating additional space di-
mensions), but also suitable equations of state can be obtained in this way.
The fact that these astonishing properties are produced in the framework of
very simplified models allows us to expect even more interesting effects when
more realistic models are constructed.
The main feature of noncommutative generalisation of geometry consists
of a strong shift in the interplay between local and global geometric prop-
erties. In strongly noncommutative spaces, local properties are entirely en-
gulfed by their global structure. Such spaces are nonlocal entities, in the sense
that local notions in them are, in general, devoid of meaning and can only
be recovered as some “limiting cases”. Our algebra A of smooth compactly
supported functions on the groupoid Γ of Lorentz symmetries with non-
commutative multiplication determines a noncommutative space with milder
properties. Local properties are virtually present in it as encoded in the fact
that the center Z(A) of the algebra A is nontrivial. Owing to this fact,
the usual geometry of space-time, with all its local properties, can naturally
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be recovered.
And here we have a contact with Mach’s principle. As we remember,
according to its strong version all local properties of space-time should be
entirely determined by space-time global structure. This is exactly what
happens in our models. On the level of the algebra A, the global structure
is dominating the scene, and it is this structure that determines, through
the center of A, all local properties of space-time M . We could say that
the noncommutative space as determined by the algebra A is fully Machian,
and all anti-Machian properties of space-time M emerge when “noncommu-
tative symmetries” are broken to the usual space-time symmetries.
In this way, “ugly dichotomy” of space-time and matter is removed, and
Einstein’s starving for a monistic vision of the universe could be satisfied,
albeit on the level of simplified models.
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